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Universal quantum computation using optical coherent states is studied. A teleportation scheme 
for a coherent-state qubit is developed and applied to gate operations. This scheme is shown to be 
robust to detection inefficiency. 
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I. INTRODUCTION 

The theory of quantum computation promises to rev- 
olutionize the future of computer technology with merits 
in factoring large integers |jj and combinational searches 
||]. In recent years, the physical implementation of a 
quantum computer has been intensively studied. Quan- 
tum computing in optical systems has been studied as 
one of several plausible models. Recently, Knill et al. 
suggested a scheme for efficient quantum computation 
with linear optics ||. 

A coherent field is a fundamental tool in quantum op- 
tics and linear superposition of two coherent states is con- 
sidered one of the realizable mesoscopic quantum systems 
||. In particular, Cochrane et al. || showed how logical 
qubits can be implemented using even and odd coherent 
superposition states which are defined as N± (| a) ± | — a) ) 
with | a) and | —a) representing coherent states of ir phase 
difference and N± being the normalization factors. The 
two superposition states form orthogonal bases in two- 
dimensional Hilbert space and they can be discriminated 
by photon measurement There were some propos- 
als to entangle such the logical qubits with atomic states 
0. One drawback of using even and odd cat states as 
a logical qubit basis for quantum computation is that 
they are extremely sensitive to photon loss and detection 
inefficiency. 

In this paper, we present a method to implement uni- 
versal quantum computation using coherent states. This 
proposal makes it possible to realize universal quantum 
computation based on quantum teleportation |^] which 
was shown to be a useful tool in controlled gate opera- 
tion 0. It is also found that this scheme is robust to 
detection inefficiency. 



II. READOUT SCHEME AND UNIVERSAL 
GATE OPERATIONS 

Let us consider two coherent states \a) and | — a), 
where the coherent amplitude a is taken to be real. The 
two coherent states are not orthogonal to each other but 
their overlap (a\ — a) = c~ 2a decreases exponentially 
with a. For example, when a is as small as 3, the overlap 
is w 1CP 8 . Throughout the paper, the average photon 



number of the coherent state is assumed around 10. We 
identify the two coherent states of a as basis states for a 
logical qubit: 



10, 
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(1) 



A qubit state is then represented by \4>) = A\a) + B\ — a) 
where the normalization condition is 
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-- \A\ 2 + \B\ 2 + (AB* + A*B)(a\ - a) 
\B\ 2 . 



(2) 
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FIG. 1. Measurement scheme for |</>)i = *4.[a)i + B\ — a)i 
with a 50-50 beam splitter and auxiliary state \a}2- If de- 
tector A registers any photon(s) while detector B does not, 
the measurement outcome is \a), i.e. |0t). On the contrary, 
A does not click while B does, the measurement outcome is 
j - a), i.e. \1 L ). 

Let us consider the readout of a qubit. The logical 
basis states, \a) and | — a), can be discriminated by a 
simple measurement scheme with a 50-50 beam splitter, 
an auxiliary coherent field of amplitude a and two pho- 
todetectors as shown in Fig. [l| At the beam splitter, the 
input state \<p)i is superposed with the auxiliary state 
| a) 2 and gives the output 



\0 R ) ab = A\V2a) a \0) b + B\0) a \ - V2a) b . 



(3) 



If detector A registers any photon(s) while detector B 
does not, we know that \a) is measured. On the con- 
trary, if A does not click while B does, the measurement 
outcome is | — a) . Even though there is a non-zero prob- 
ability of failure P f = | a (0| fc (0|^) afc | 2 = \A + B\ 2 z~ 2o? 
in which both of the detectors do not register a photon, 
the failure is known from the result whenever it occurs, 
and Pf approaches to zero exponentially as a increases. 
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FIG. 2. 1-bit rotation around the z (a), y (b), and x axes 
(c) for a qubit state of coherent fields. NL represents a non- 
linear medium. The transmission coefficient T of the beam 
splitters is assumed to be close to unity. £ corresponds to 
4 a Ji-T ' wnere ^ i s t ne required degree for a rotation and a 
is the coherent amplitude of the qubit state \cj>). A = Sa J 1 _ T ■ 
Starting from a coherent state, an arbitrary qubit can be pre- 
pared up to a global phase using the above operations. 
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FIG. 3. Hadamard gate for a qubit state \<j>) 
B\ — a). The coherent field amplitude iA is i- a 1 — - 
the transmission coefficient T of the beam splitters is close to 
unity. The irrelevant global phase is neglected. 

An arbitrary 1-bit rotation and a controllcd-NOT 
(CNOT) gate for two-qubit states form a set which sat- 
isfies all the requirements for a universal gate operation. 
For any SU(2) unitary operation, there is a unique rota- 
tion R(8, <f>, if) around the x, y and z axes. Cochrane et 
al. showed that the rotation around x axis for even and 
odd coherent superposition states can be realized using a 
interaction Hamiltonian Ho = h(/3a' + f3*a), where j3 is 
the complex amplitude of the classical driving force ||. 
The evolution by this Hamiltonian corresponds to the 
displacement operator, D (S) — exp(<5a^ — <5*a), where a 
and aJ are respectively annihilation and creation opera- 
tors. In a similar way, z-rotation 



U z (0/2) = 



z i6/2 






,-i0/2 



(4) 



for a logical qubit \(f>) can be obtained. A coherent state 
is a displaced vacuum \a) = D(a)\0). We know that two 
displacement operators D(a) and D(6) do not commute 
but the product D(a)D(S) is simply D(a + S) multiplied 
by a phase factor, exp[(cv(5* — a*S)/2]. This phase factor 
plays a role to rotate the logical qubit. The action of 



displacement operator D(ie), where e (<C a) is real, on 
the qubit \<j>) is the same as the z-rotation of the qubit 
by U z (2ae). We can easily check their similarity by cal- 
culating the fidelity: 



|(</>|/y](2ae)D(*e)|</>)| 2 



e" e {1^ 
exp[-e 2 ] ps 1. 
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-2iae 



A*Be 2iat )} 
(5) 



Thus the rotation angle 8 depends on a and e: 6 = 4cve. 
A small amount of e suffices to make one cycle of rota- 
tion as a is relatively large. The displacement operation 
D(ie) can be effectively performed using a beam split- 
ter with the transmission coefficient T close to unity and 
a high- intensity coherent field of amplitude i£, where £ 
is real, as shown in Fig. ||(a). It is known that the ef- 
fect of the beam splitter is described by D(i£^/1 — T) in 
the limit of T — * 1 and J > 1. (More rigorously the 
output state becomes mixed but in the limit it can well 
be approximated to a pure state as shown by one of the 
authors @.) 

To achieve any arbitrary 1-bit rotation, we need to 
operate U x (ir/A) and U x (—tt/A) which are rotations by 
7r/2 and —n/2, respectively, around the x axis. We find 
that U x (tt/4) can be realized using a nonlinear medium. 
Even though the efficiency of nonlinear interaction can 
be a problem, there was an experimental report for a 
successful measurement of giant Kerr nonlinearity |pl| . 
The anharmonic-oscillator Hamiltonian of an amplitude- 
dispersive medium is m 



7~Inl = Tioja'a + h£l(a) a) 



(6) 



where u> is the frequency of the coherent field and fl is the 
strength of the anharmonic term. When the interaction 
time t in the medium is ir/il, coherent states \a) and 
I — a) evolve as follows: 
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(7) 
(8) 



This transformation corresponds to U x (tt/4) up to a 
global phase shift. The other rotation U x (— tt/4) can 
be realized by applying a phase shifter P(tt), which acts 
| a) <-> | — a), after or before U x {tt/4) operation. Note 
that P(ir) corresponds to 7r-rotation around the x axis, 
i.e. a 1-bit NOT gate. The other two required unitary 
operations U y (<f>/2) and U z (r]/2) which correspond to ro- 
tations around the y and x axes can be realized using the 
following identities Jl2| 

U y {<t>/2) = U x {--K/A)U z {4>/2)U x {n/A), (9) 
U x (r)/2) = U z (-w/4)U y (r,/2)U z (n/4). (10) 

Therefore, any 1-bit rotation can be performed up to a 
global phase with beam splitters, nonlinear media, phase 
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shifters and auxiliary coherent light fields as shown in 
Fig. ^| As an example, we can construct the Hadamard 
gate H as 



H 



-U z {-k/4)U x {-k/A)U z {-k/A), 



(11) 



which is shown in Fig ^. Using these operations, any 1- 
qubit state \<f>) — A\a) + B\ — a) with arbitrary A and 
B can be prepared up to a global phase from a coherent 
state. 
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FIG. 4. Teleportation process for an unknown state 
\4>) = A\a) + B\ — a). H represent the Hadamard gate 
with an incident qubit state of coherent amplitudes ±\/2a. B 
represents the Bell measurement, x and z represent -k rota- 
tion around the x and z axes, (a) Generation of the quantum 
channel | "!?+}. (b) Bell-state measurement with arbitrarily 
high precision. If detector A does not click, the measurement 
outcome is |$+), and so on. Only one of the four detectors 
does not detect any photon at a measurement event for a> 1. 
(c) Scheme to teleport \4>) via the entangled quantum chan- 
nel 1$+). The Pauli operations represented by x and z are 
performed according to the result of Bell measurement B. 

For a universal gate operation, a CNOT gate is re- 
quired besides 1-bit rotation. It was found that the 
CNOT operation can be realized using a teleportation 
protocol H . For a superposition of coherent states, quan- 
tum teleportation protocols have been suggested by uti- 
lizing an entangled coherent stat e J13| , p^| including an 
entanglement purification scheme |lJ]THowever, the suc- 
cess probability of this teleportation scheme is limited to 
less than 1/2 in practice and the required photon parity 
measurement is very sensitive to detection inefficiency 
and photon loss as the parity alternates by missing one 
photon. We suggest a teleportation protocol as follows 
to circumvent those problems. 
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FIG. 5. CNOT operation using teleportation protocol and 
three-mode entanglement, (a) Generation of a three-mode 
entangled state \Q = N{\\f2a, a, a) + [ — \/2a, —a, —a) with 
beam splitters. i/ 2 -gate is the Hadamard gate with an in- 
cident qubit state of amplitudes ±2q. (b) CNOT operation 
with the use of the coherent field |£) and the teleportation 
protocol. A four-mode entangled state \x) is generated for 
the operation at the left-hand side of the circuit. |0i) is the 
target bit and \tp2) is the control bit here. 

For any ideal teleportation scheme, a maximally entan- 
gled pair, Bell measurement and unitary operations are 
required ^|. In our case, necessary unitary operations a x 
and a z correspond to a phase shift P(jr) and displacement 
operation ^== ) respectively. An entangled coher- 

ent channel |$ + ) = A/+(|a)|a) + | — a)| — a)), where A/+ 
is a normalization factor, can be generated from a coher- 
ent state passing through a gate and a 50-50 beam 
splitter as shown in Fig. ||(a). The superscript \/2 in 
stands for the amplitude of the incident field being V2a. 
Note that the coherent amplitude iA for a unitary op- 
eration shown in Fig. || should be «7r/[8ai/2(l — T)] for 

the -ff^-gate operation. The Bell measurement shown 
in Fig. H(b) is to distinguish four quasi-Bell states ]l5|] , 



l*±) 



: A/±(|a, a 



>±|- 

a) ± 



a, -a)), 



(12) 
(13) 



where |±a, ±a) = |±a)®|±a). Note that the quasi-Bell 
states become maximally entangled Bell states when a is 
large. If the incident field to the first beam splitter in 
Fig. | (b) is |$+)i2, it becomes |0, 2a, -\/2a, \f2a) a bcd 
at detectors A, B, C, and D. If detector A does not 
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click while the others do, the measurement outcome is 
|$ + )i2. Likewise, only B does not click for the measure- 
ment outcome |<&_)i 2 , C for |\& + )i2, and D for | \I> _ ) i2 - 
The failure probability for which no photon is detected 
at more than one detector, which is due to the non-zero 
probability of (0| ± 2a) and (0| ± \/2a), approaches to 
zero rapidly as a increases, and, moreover, the failure 
is always known when it occurs. The scheme to tele- 
port \d>) via the entangled channel |$+) is summarized in 
Fig. |J(c). When the Bell measurement outcome is |$+), 
the output state does not need any operation. When the 
Bell measurement outcome is |$_) or 1^+), a z or a x is 
required respectively. The unitary operations tr z and a x 
should be successively applied for the outcome I*-). 

Gottesman and Chuang showed that the teleportation 
protocol can be used to construct a CNOT gate ||. To 
apply their suggestion in our scheme, we need to use two 
three-mode entangled states represented by 



10 = N(\V2a,a,a) +\-y/2, 



a, —a, 



(14) 



where M is a normalization factor, and the quantum 
teleportation protocol we just developed. The entangled 
state |£) can be generated by passing a coherent field \2a) 
through a i? 2 -gate, which is a Hadamard gate for a qubit 
with logical bases | ± 2a) , and two 50-50 beam splitters 
as shown in Fig. ||(a). After generating \£,) a bc and \Qdef, 
Hadamard operations are applied to \0def as shown in 
Fig. ||(a). This makes the given state \£,) a bc <g> |£)de/ to 
be 



\^'+}ad\\oi,a)(\a,a) + \ - a, -a)) 

+ | - a, —a) (|a, —a) + \ — a, a)) j 

\<b'_} a d{\a,a)(\a,a) + \ - a, -a)) 

- | - a, -a) (la, -a) + | - a, a)) j 

|*'+)<u*{l - a,-a)(\a,a) + \ - a, -a)) 
+ \a, a) (|a, —a) + \ — a, a)) > 

J beef 

|*_)ad{| -a, -a) (| a, a) + \-a,-a)) 
-\a,a)(\a,-a) + \-a,a))\ 

J beef 



beef 



beef 



(15) 



where \Q'±) and \^'±) are quasi-Bell states with the co- 
herent amplitude ±^/2a and the normalization factor is 
omitted. The Bell measurement in the figure, must 
be performed on modes a and d. It can be easily shown 
from Eq. (15) that a four-mode entangled state 



\x)bcef=M'' \a,a)(\a,a) + | - a, -a)) 

+ | — a, —a) (| a, —a) + \ — a, a)) 



(16) 



where J\f' is a normalization factor, is generated after 
the appropriate unitary operation according to the Bell 



measurement result as shown in Fig. ||(b). The entangled 
state \x)bcef is used to complete the CNOT gate on the 
right-hand side of the circuit in Fig. ||(b), which can be 
verified by a little algebra || . 



III. ESTIMATION OF POSSIBLE ERRORS 

We have shown that universal quantum computation 
using coherent states can be realized using coherent 
states. We already pointed out that the failure prob- 
ability for the measurement which is of the order of 
|(\/2a|0)| 2 is not only very small for a reasonably large 
a but also the failure is known whenever it occurs. If 
the detection efficiency of a photodetector is d, the fail- 
ure probability Pj? of the detector not to register any 
photon, while the incident field is \(f)R) a b in Eq. (j|), is 

oo 

pf= J2 UH & H<Ma 6 | 2 (i-dr(i-cO m 

n,m— 
oo 

«^|<n|^a)| 2 (l-d)", (17) 

n=0 

where approximation (^) is used. For example, suppose 
that a = 3 and the detection efficiency of the detec- 
tors is 90% which is a reasonable value for an avalanched 
photodetector fl6|| , the failure probability Pf that the 

detector misses all the photons is Pf sa 9 x 10~ 8 . 

If the effect of e for the displacement operator is not 
negligible, a qubit state \4>')i = -D(iei) • • • D(ieN)\0)i af- 
ter displacement operations may be 



JV 



\4>')i =A' a + iJ2 e») +B' ~a + iJ2 c«) « (18) 

n— 1 n— 1 

After passing a 50-50 beam splitter with an auxiliary 
state \a)2 as shown in Fig. Fl the state \</)')i becomes 



\<f>' R )ab = A' 



V2, 



a - 



N 

E 



\/2 / ~ I a J2 

v n— 1 v n— 1 



N 



B' 



v n— 1 v n— 1 



In this condition, there is non-zero probability Pj for 
undetected errors in which detector A(B) detects any 
photon and B(A) does not while the incident state \4>')i 
was \1l) (|0l)) (see Fig. Q). For the worst case, all e„'s 
may have the same sign with a large N . One useful 
trick to overcome this problem is to flip the sign of e„ 
appropriately for each operation, noting that the rotation 
R z (0) can be performed both by positive and negative 9. 
By this way, we can keep Xm=i e n ~ e = 7r /4a, regardless 
of N, then Eq. jl9|) can be represented as 
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W R )ab = A' 



V2a 
B' 



) —) 

la J2/1 



y/2' a, y/2' b 



— ) 



V2a + ^\. 
y/2'b 



(20) 



In this condition, the fidelity between the final state ( |T§| ) 

and the ideal output is proportional to e _e from Eq. rtq). 
Fidelity of ss 0.93 is then obtained for a = 3. 

Differently from , the undetected error probabil- 
ity Pj is a probability of making an error without be- 
ing recognized. Considering the accumulated error as in 
Eq. (pp|), in order to minimize the undetected error P^ 
while keeping Pj low, we need to modify the criterion 

to discriminate | ± \f2a + il/^/2) and \ie/V2). Ideally 
we took e = and discriminated the two states by de- 
tection of any photons and no photon. In this case, the 
probability of | ± \J~2a + ie/V2) registering no photon is 

00 

P^ = ^|(n|±^a + ie/V2)| 2 (l-d) n (21) 

and the probability of the state \ie/^/2) registering one 
or more photons is 

00 00 

PB = J2 E \(n\ie/V2)\ 2 n C m d m (l - d) n - m (22) 

m— 1 n—m 

where n C m = n\jm\(n — m)\. Both pa and ps approach 
to zero as ajncreases. We then obtain undetected error 
probability Pf = Pa x Pb- On the other hand, the success 
probability P s is the probability in that \ie/^/2) yields no 
photon and | ± \/2a + ie/\/2) yields any photon(s): 



P s = J2\(n\ i e/V2)\ 2 (l-d) n x 

71= 
OO OO 

J2 J2 \{n\V2a + ie/V2)\ 2 n C m d m (l-d) n - m . (23) 



The detected error probability is Pjr = 1 — P s — Pf . Sup- 
pose that a — 3 (e is then w 0.26), and the detection 
efficiency is again 90%, pa ~ 9 x 10 -8 and ps ~ 0.030 
are obtained. If we keep the criterion for the ideal case, 
we find P^3x 10~ 9 and Pf « 0.030. However, if we 
take the registration of 0,1 and 2 photons as the measure- 
ment of |ze/\/2) then pa, Pb and P s should be re-defined 
as follows: 

OO 

PA = J2\ <™l^2a + *e/V2) | 2 (1 - d) n 

oc 

+ \(n\V2a + ie/y/2) \ 2 d{\ - d)"- 1 

n=l 
oo 

+ J2\(n\V2a + te/V2)\ 2 d 2 {l-d) n - 2 (24) 



PB = J2 E \(n\ie/V2)\ 2 n C m d m (l - d) n - m (25) 

m— 3 n—m 

{oc 
J2\We/V2)\ 2 (l-dr 
n=Q 

OO 

+ Y,\(n\ie/V2)\ 2 d(l-dr-i 



+ J2\(n\*e/V2)\ 2 d 2 (l-dr- 2 lxJ2E 

n—2 ' m—3 n—m 

\(n\V2a + ie/V2)\ 2 n C m d m (l - d) n - m . 



OO OO 



(26) 



We then find Pf m 6 x lO" 11 and Pfta2x 10~ 5 for a = 3 
and d = 0.9. Recently, Takeuchi et al. |ll| developed an 
avalanched photodetector which can discern 0,1, and 2 
photons with high efficiency. 

Decoherence is considered one of the main obstacles in 
quantum computation. When a qubit state |</>) is subject 
to a vacuum environment it evolves to p"^ ] 

Pm(t) =Af T l\A\ 2 \ta)(ta\ + \B\ 2 \ -ta){-ta\ 



+ r(AB*\ta){-ta\ +A*B\ -ta)(ta\j\ (27) 



-77-/2 p 



-2(l-t 2 )a" 



, 7 is the energy decay 



where t 

rate, r is the interaction time, and Af T is the normaliza- 
tion factor. Considering decoherence, we need to change 
|0l) and |1_l) to \ta) and | — ta). The auxiliary coher- 
ent fields for computation have to be changed likewise. 
The larger the initial coherent amplitude a is, the longer 
the condition that (ta\ — ta) is preserved, but the 
decoherence becomes more rapid as a increases because 
r decreases more rapidly for a larger a. The energy de- 
cay rate 7 of the relevant system and number of required 
operations for computation may be the crucial factors to 
decide the value of a. However, decohered states can still 
be represented by combinations of l-bit errors for time- 
dependent logical qubits \ta) and | — ta). It is known that 
an error correction circuit for an arbitrary 1-qubit error 
can be built using CNOT and 1-bit unitary operations 



IV. REMARKS 

In conclusion, we have found that near-deterministic 
universal quantum computation can be realized using co- 
herent states. Efficient readout is possible using beam 
splitters and coherent light sources. Single-bit unitary 
transformation can be performed using beam splitters 
and nonlinear media, and CNOT gate can be constructed 
based on teleportation protocol. Teleportation of a co- 
herent state qubit can be accomplished with a complete 
Bell measurement for a large coherent amplitude using 
nonlinear media, photodetectors, coherent light sources, 
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and beam splitters. Decohered states can be represented [19] H. Jeong and M. S. Kim, e-print quant-ph/0 1 1 1 1 4 
by combinations of 1-bit errors for time-dependent co- 
herent state qubits of reduced amplitude. A purifica- 
tion scheme for decohered entangled channels has been 
studied Detailed error correction methods for our 

scheme deserves further investigation. The nonlinear ef- 
fect [|| used in this paper is typically too weak to gener- 
ate required superposition states in current technology. 
The study of generating coherent superposition of optical 
states requires further study. 
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